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4.1. Laminate Introduction

Definition of Laminate: Two or more unidirectional laminae

or plies stacked together (lay-up) at various orientations is
called a laminate. The laminae (plies) can be of various
thicknesses and consists of different or same materials.

Mid-plane: Plane forming the mid-line of the laminate.

Fiber direction
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4.1. Laminate Introduction

Laminate Code: layer (ply) angle

» A laminate is made of a group of single layers bonded to each other.
» Each layer can be identified by its location in the laminate, its material,
and its angle of orientation with a reference axis.

Fiber direction & A
b/
| 5 /a = P Zero degreeply
=0 [ i
\ ; ‘ 4
QN RS/ /-
8=9
Y
z )
P P Off-axis ply

« Laminates are often described by an orientation code

« Example: [0/-45/90/+45/0/0{+45/90/-45/0]
0° +45° g0" -45° o*

19 ple s, by
dofiniton,
faidwpon
HE L=

Department of Applied Mechanics

Technical University of Liberec



4.1. Laminate Introduction

Laminate Code

0 0
0 45 45
;405 90 60
20 90 60
n 60 45
0 0
[0/-45/90/60/30] [0/-45/90,/60/0] [0/-45/60];
or Subscript s (symmetric)
[0/-45/90/60/30] outside the brackets
represents that the three
T stands for a total laminate. plies are repeated in the

reverse order.
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4.1. Laminate Introduction

Laminate Code

0 Graphite/epoxy 0
Boron/epoxy > 45
—45 Boron/epoxy — 45
"""""""" 60— Boron/ epoxy » 45
/ —45 Boron/epoxy - 45
Mid-surface 0 Graphite/epoxy > 0
I
[0/-45/ 60 ]. [0C7/+458],  Midplne
denotes this laminate, which denotes the above laminate. It
consists of five plies. The number  consists of six plies; the 0° plies
of plies is odd and symmetry are made of graphite/epoxy and
exists at the mid-surface; the + 45° angle plies are made of
therefore, the 60° ply is denoted boron/epoxy. Note that s is the
with a bar on the top. symmetry of the laminate.
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4.1. Laminate Introduction

Special Types of Laminates

» Symmetric laminate: for every ply above the laminate mid-plane, there is an
identical ply (material and orientation) an equal distance below the mid-plane.

» Antisymmetric laminate: if the material and thickness of the plies are the
same above and below the mid-plane, but the ply orientations at the same
distance above and below the midplane are negative of each other, i.e.
+45/60/-60/-45.

» Balanced laminate: for every ply at a +6 orientation, there is another ply at the
—0 orientation somewhere in the laminate.

» Cross-ply laminate: composed of plies of either 0" or 90° (no other ply
orientation).

» Quasi-isotropic laminate: are made when the orientations of the plies are
balanced so that the extensional stiffness of the laminate is the same in each
in-plane direction. It produced using at least three different ply orientations, all
with equal angles between them. For example, quasi-isotropic laminates
[0°/60°/120°] or [0°/-45°/+45°/90°].
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4.1. Laminate Introduction

Symmetric and anti-symmetric laminate

» A laminate is symmetric when the plies above the mid-plane are a
mirror image of those below the mid-plane.

+6

—

Middle surface----——-li-glz ______ | _
Laminate

Anti-symmetric angle-ply laminate
» A laminate is said to be anti-symmetric if the ply orientation angle

below the mid-plane is a mirror image of the ply orientations above
the mid-plane with signs reversed.
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4.1. Laminate Introduction

Balanced laminate

» A laminate is balanced when it has equal numbers of — (negative)
and + (positive) angled plies.

2
!
j&"“u..__
el e

Balanced Lamina
[30°E-307]

Balanced Lamina

oy G0 F-60]

Balanced and Symmetric Laminate

[30°/-30°/60°/-60°]s X

Material coordinate system: axis-1,2,3
Structural coordinate system: axis- x,y,z
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4.1. Laminate Introduction

Cross-ply laminates

» A cross-ply laminate contains an arbitrary number of plies, each

with a fiber orientation of either 0° or 90°, and it can be either
symmetric or antisymmetric.

Laminate

Schematic diagram of a [0/90/0/90] cross-ply laminate.
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4.1. Laminate Introduction

Quasi-isotropic laminate

» Quasi-isotropic means having isotropic properties in-plane. A quasi-isotropic
part has either randomly oriented fiber in all directions, or has fibers oriented
such that equal strength is developed all around the plane of the part.

» A quasi-isotropic
laminate made from

=
< =

+45°
90-

5'*:" Ply
woven fabric has plies Y Oriertation
oriented at 02, 902 +459 = ‘xi‘al:;x} gk 0"
and —452. It can also be E‘i R _jg
achieved with 02, 602 3 45°
and 12092 oriented UD L] - - 0"+ Mid-plane
plies. N - - 15"

L = ::. oS ] +45°
o T"%——\\\\‘" i T P S i a
S Ao | o
Pl : | ' 0
M B e s B I
Qe i b otr opio Crientati on HK

LR
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4.1. Laminate Introduction

Laminates Examples

30° I t 0° I!l s
. ' 2 tl
a) Symmetric 450 | 4, 90° | fu 45 I r
: - 45° :
laminate g %ﬁ -------- ---'-0°“"'“}1rt --------- = % ~nidplane
b) Cross-ply = RE o | 30° I L
laminate & I t“ = I .
Y (a) () (©)
c) Angle-ply z
laminate
= 30° I {,
d) Anti-symmetric o I" w0 | &
laminate oo IO V| midple ol b7
30° fs - 30° I ty
e) Balanced - 450 Ix, oo | T
laminate VI X
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4.1. Laminate Introduction

Different Types Laminate Sequences

[ Example] (Laminate Stacking Sequence |

Unidirectional: [0/0/0/0/0/0] = [Og]

Cross-ply symmedtric: [0/90/80/0] = [0/90],

Angle-ply symmetric: [45/-45/-45/45] = [45/-45], = [+45],

Angle-ply asymmetric: [30/-30/30/-30/30/-30/30/-30] = [30/-30], = [£30],
Quasi isotropic: [O/+45/-45/90]

Symmetric Quasi-isotropic: [0/+45/-45/90/90/-45/45/0] = [0/+45/90],
Multidirectional: [O/+45/30/-30/45]

Hybrid: [0K/0K/45¢/-45¢/90C/-45¢/45¢/0K/0K] = [0,/ £45¢/90C],
Define: S=Symmetric, K=Kevlar, C=Carbon, G=Glass, T=Total

Hybrid Composites: A composite made up of 2 or more different types of
materials.
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@ 4.2. Stress-strain Relations for a Laminate

Stress - Strain Relations for an Isotropic Beam (Euler—Bernoulli beam)

.«— Tension __ : . _ P o = P
Ox— -
“ A 7" AE
@
M7z _Zz Mz
M . M o — ’ gXX _— = —
Bending ) XX _l 0 |
1 Z
L < - _— P + = M
v > ( AE j ( El j
[ |Combined tension " 1
s and bend1hg_' 4 =gtz — | =gt ik

This shows that, under a combined uniaxial and bending load,

{e) the strain varies linearly through the thickness of the beam
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@ 4.2. Stress-strain Relations for a Laminate

Classical Lamination Theory

The classical lamination theory (CLT) is used to develop the stress-
strain relations for a laminate. CLT is a direct extension of the classical
plate theory for isotropic and homogeneous material as proposed by
Kirchhoff —Love. The extension of this theory to laminates requires
modifications to take into account the inhomogeneity in thickness
direction.

CLT is a commonly used predictive tool which makes it possible to
analyze complex coupling effects that may occur in composite
laminates.

CLT is able to predict strains, displacements and curvatures that
develop in a laminate as it is mechanically and thermally loaded.

Use CLT to develop similar relationships in 3D for a laminate (plate)
under combined shear and axial forces and bending and twisting
moments.
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@ 4.2. Stress-strain Relations for a Laminate
Assumptions of Classical Lamination Theory

1. Each lamina is orthotropic and homogeneous.

2. The laminate deforms according to the Kirchhoff - Love
assumptions for bending and stretching of thin plates (as
assumed in classical plate theory).

3. The laminate is thin and is loaded only in its plane (plane
stress) (o'Z: T =Ty = O)

4. Displacements are continuous and small throughout the
laminate |ul,|v|,|w| << |h|, where h is the laminate thickness

5. Each lamina is elastic (stress-strain relations are linear).

6. The laminate consists of perfectly bonded laminae. There is
no slip that occurs between the lamina interfaces.
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@ 4.2. Stress-strain Relations for a Laminate

Two approaches of 2"¥ assumption

1. The normals to the mid-plane remain straight and normal to the mid-

plane even after deformation, results into zero transverse shear
strains: ¥y, =¥, =0

2. The normals to
the mid-plane
do not change
their lengths,
results into
zero transverse
normal strain.

OW

zz:_:O
0z

&
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@ 4.2. Stress-strain Relations for a Laminate

Kinematics of CLT: Displacement field (Kirchhoff-Love theory)

uy,ve,W,: displacements at the mid-plane in the x, y & z directions, respectively.
u, v, w: the displacements at any point in the x, y, & z directions, respectively.

A — 0(x,y.2) =1, (x.y)~ 2
aWo
oa=—
h/2 ox
Mid-plane X
; - w .
l h/2 Z}_A ‘%‘1 © u(x,y,Z):Uo(X’Y)—Za—):
z o
oW,
. u o v(x,y,z):vo(x,y)—zg0
Cross-secti Cross-secti _
before loading after loading. (XY, 2)=w (x.y)
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@ 4.2. Stress-strain Relations for a Laminate

Kinematics of CLT: Strain-Displacement Equations

_ M
u(x,y,z)=u,(xy)-z ™

oW,
V(X Y, 2) =V, (X y)-2 Ay

w(X,y,z)=w,(x,Y)

-

U,
A OX
Ex
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% 3 auﬂ B azwﬂ dv _ 800 B azwﬂ
x ox ot U oy 9y oy
du dv  Jdu, v, d°w,
=y T Ty Tox T oxay
. @2 Wo r R
2 0 " A
O X Ex Kox
0” Wo _ 0
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@ 4.2. Stress-strain Relations for a Laminate

Strain-Displacement Equations

7 \.
Vs

Global strains

( h
O 4 )
&y K x
0 \
&y H@ Ky
0
kyxyj LExy
Curvatures in the laminate
\4
Distance from the mid-plane to the
point in the thickness direction
\ 4

Mid-plane strains in the laminate
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@ 4.2. Stress-strain Relations for a Laminate

Strain and Stress of each lamina in a Laminate
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@ 4.2. Stress-strain Relations for a Laminate

Strain and stress variation through the laminate thickness.

/ /

Mid-plane

§

» The strains vary linearly over the thickness of a laminate.

» The stresses vary linearly only through the thickness of each lamina.

» The stresses may jump from lamina to lamina since the transformed
reduced stiffness matrix changes from ply to ply.

VL

<
-

Laminate Strain variation Stress variation
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@ 4.2. Stress-strain Relations for a Laminate

Kinetics of CLT: Force and Moment Resultants on a Laminate

Consider the general case of a plate under in-plane shear and
axial loading, as well as bending and twisting moments.

—p
X
MJ{
M
v ~ N AR
Y / N xy 4 My
N, = Y

N, = normal force resultant in M, = bending moment resultant in
the x direction (per unit length) the yz plane (per unit length)
N, = normal force resultant in M, = bending moment resultant in

the y direction (per unit length) the xz plane (per unit length)
N,, = shear force resultant (per M, = twisting moment resultant
unit length) (per unit length)
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@ 4.2. Stress-strain Relations for a Laminate

Force and Moment Resultants

» The stresses in each lamina can be integrated to give resultant forces and
moments (or applied forces and moments.).

» Since the forces and moments applied to a laminate will be known, the
mid-plane strains and plate curvatures can then be found.

» Consider a laminate made of n plies as shown, each ply has a thickness t,.

» The location of the mid-plane is h/2 from the top or bottom surface.

‘ 1 F Y
The thickness of M| %
. . h1 3 h/2
the laminate h is N
2
. Tha Y d-pl
y Y Mid-plane
h — E tﬁ: . lhl by, k-1
k=1 k % k
k+1 h/2 ¥ z
h 1
h '“*
n ' 3 k 4
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@ 4.2. Stress-strain Relations for a Laminate

Coordinate Locations of Plies in a Laminate

The z-coordinate of each ply k surface (top and bottom) is given by

Plyl1: hy= —g (top surface), h, = —g +1t, (bottom surface) .

Plyk:(k=2,3,.n—2,n-1):
S b
h_, = —5 Z:‘t (top surface) h; = —5 + ZI‘t (bottom surface) .

h
Plyn: ,1= g— t, (top surface) h,= 5 (bottom surface) .




@ 4.2. Stress-strain Relations for a Laminate

Force and Moment Resultants

Integrating the global stresses in each lamina gives the resultant
forces per unit length in the x—y plane through the laminate

thickness as

h/2 h/2 h/2
N, = J c.dz, N, = J. c,dz, N,, = J. T4z,
~-h/2 —~h/2 —h/2

Similarly, integrating the global stresses in each lamina gives the
resulting moments per unit length in the x—y plane through the
laminate thickness as

h/2 h/?2 h/2
M, = J. c,zdz, M, = j G, zdz, M,, = I T,,2dz,
-h/2 ~h/2 —h/2
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@ 4.2. Stress-strain Relations for a Laminate

Force and Moment Resultants

The resultant forces and moments can be written in matrix form:

h/ 2

-h/ 2

O x

Oy

O x

Oy

dz,
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@ 4.2. Stress-strain Relations for a Laminate

Force and Moment Resultants

The resultant forces and moments can be written in terms of the
mid-plane strains and curvatures:

| N X_ Q11
n h
N y |~ Z J Q12
k=1 i1 B
i N Xy | _Q16
I M x_ Qll
n hk
M y = J. Q12
k=1 hict B
_M Xy | _Q16
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Qu,
622

626 666_

Qu
622
Qs

Q.
626

Qi
626

666_

dz +

AS

n

k=1

hk

hk-1

_ 611
612

Qs
_611
Q;

Qs

612 616 Ky
622 626 Ky Z 0z

Que Q66_k |y _

Qu Qui| | &,

— = 2
Q,, Qu Ky |l dz
Qas Q66_k oy |

Technical University of Liberec




@ 4.2. Stress-strain Relations for a Laminate

Force and Moment Resultants

- — _ = A D 1 ( - — — —-— ] 1 -~ -
N « Q11 le Qle 6‘?( Q11 Q12 Q16 Kx
n h n h
— p p P 0 ~ ~ ~
Ny |=+ Z Qi Qp Qu jdz ey | Z Qi Qn Qyp IZdZ (| Ky
k=1 hk-1 k=1 hi 1
_ _ _ . _ _ _
Ny | \ Qi Qa Qes 7] Qs Qz Qe L
\ ' i | Y J
[A] [B]
_ _ e —_ _ _ — N [ ] r — - I A _ _
M Qu Qp Qu 82 Qu Qi Qe Kx
n hy n h
— ~ ~ ~ 0 =~ P = 2
My = Q12 sz Q26 j zdz Ey + Q12 sz Q26 I z°dz Ky
k=1 hi .1 k=1 hi 1
_ _ _ . _ _ _
_M Xy | _Q16 Q26 Q66_k _7xy_ L _Q16 Q26 Q66_k ) _ny_

—\=

[B] [D]
" T 1 2 2 i 2 1
j dz = (h —hi 1), J- zdz = 5 (hk —hi-1), _[ Z dzzg(hﬁ—h§-1)1

hk-1 hk-l hk-1

\
\
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Force and Moment Resultants

A Az A

Az Az A
Ais Az Aes
or [N]=[A
Bi: B Bais
Bio B2 Bos
Bie B2 Bes

Bi11
B2

B1o
B2
B s

D12
D 22
D 26

Bis
B s
Bes

D16
D 26
D 66

@ 4.2. Stress-strain Relations for a Laminate
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@ 4.2. Stress-strain Relations for a Laminate

Force and Moment Resultants

[A] — Extensional stiffness matrix relating the resultant in-plane
forces to the in-plane strains.

Ar= Y [QL (he - he ), i=126;] =126

[B] — Coupling stiffness matrix coupling the force and moment
terms to the mid-plane strains and mid-plane curvatures.

Bij = % Zn: [(6ij)]k (hi - he.),1=126;j=126

[D] — Bending stiffness matrix relating the resultant bending
moments to the plate curvatures.

Dij = % Zn: [(aij)]k (hi - hi.0), 1=126;]=126.
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Analysis of Composite Laminates
Combine into one general expression for a composite laminate

A B
B D

[2h
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Au
Asz
Ase
B
B
Bie

I+

Asz
A2
Az
B2
B2
B2s

Ass
Aze
Ass
Bis
B2s
Bes

} [N]=

B
B
Bie
D1
D1
D16

[M]=

B
B2
B2s
D1
D2
D 26

e
My
| My _

Bie
B2s
Bes
D16
D 26
D 66

["FF

yXy

@ 4.2. Stress-strain Relations for a Laminate

[x]=
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@ 4.2. Stress-strain Relations for a Laminate

Special Cases of Laminate

» Symmetric Laminate: [B] = 0. The force and moment
equations can be decoupled.

[N]=[A]l" ] [M]=[D][«]

» Balanced Laminate: A=A, =0

» Symmetric and Balanced Laminate: [B] =0and A;;= A, =0

Orthotropic with respect to in-plane behavior.

N

 Ny_

A
A

N Xy — AGGy?(y
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@ 4.2. Stress-strain Relations for a Laminate

Special Cases of Laminate

» Cross-Ply Laminate: A= A, = B,.= B, =D,= D,=0.

Some decoupling of the six equations.

A1
JAY.
Bi1

B2

Ass
Bes

A1
Az
B
B2

866_

Des_

B
B2
D11
D12

0

yxy

B1o ]
B2
D1

D2

Orthotropic with respect to both in-plane and bending behavior.
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@ 4.2. Stress-strain Relations for a Laminate

Special Cases of Laminate
» Symmetric and Cross-Ply Laminate: [B] = 0 and

A16= Ay = B1g= Byg =D16= D,=0.

Significant decoupling

_N x— . A11 A12_ 82 _M x_ B D11 D2 || kx
Ny | [Ax Ax _83_ My [ Dz Dol Ky
Ny = AGGV?(y M = Des Ky

Orthotropic with respect to both in-plane and bending behavior.
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@ 4.2. Stress-strain Relations for a Laminate

Special Cases of Laminate

» Quasi-lsotropic Laminate:
A quasi-isotropic laminate is isotropic in the xy-plane. In
such a laminate, the extensional stiffness matrix behaves
like that of an isotropic material, which implies

A= Ag

A1g= Ay =0

Age= (Ay; - Apy)/2

Note that the other two stiffness matrices [B] and [D] may not
behave like isotropic materials. Some examples of quasi-
isotropic laminates are

10°/30°/60°/90°], [0°/60°/—60°],[0°/45°/90°/—45°. etc.
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@ 4.2. Stress-strain Relations for a Laminate

Analysis Procedures for Laminated Composites (Steps)

1. Find the value of the reduced stiffness matrix [Q] for each
ply using its four elastic moduli, E, , E, ,v,,, and G,

2. Find the value of the transformed reduced stiffness
matrix [Q] for each ply using the [Q] matrix calculated in
step 1 and the angle of the ply.

3. Knowing the thickness, t, , of each ply, find the coordinate
of the top and bottom surface, h., i =1..., n, of each ply.

4. Use the [Q] matrices from step 2 and the location of each
ply from step 3 to find the three stiffness matrices [A],
[B], and [D].
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@ 4.2. Stress-strain Relations for a Laminate

Analysis Procedures for Laminated Composites (Steps)

5.

9.

Substitute the stiffness matrix values found in step 4 and
the applied forces and moments.

Solve the six simultaneous equations to find the mid-
plane strains and curvatures.

Now that the location of each ply is known, find the global
strains in each ply.

For finding the global stresses, use the stress—strain
relation.

For finding the local strains, use the transformation.

10. For finding the local stresses, use the transformation.

Department of Applied Mechanics
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@ 4.2. Stress-strain Relations for a Laminate

Example 1
A [0/30/-45] Graphite/Epoxy laminate is subjected to a load of N, =N, = 1000
N/m. Use the unidirectional properties from Table 2.1 of Graphite/Epoxy (A.K.
Kaw, Mechanics of Composite Materials, 2nd edition, Taylor & Francis, 2006).
Assume each lamina has a thickness of 5 mm. Find
a) the three stiffness matrices [A], [B] and [D],
b) mid-plane strains and curvatures,
c) global and local stresses on top surface of 30° ply,
d) percentage of load N, taken by each ply.

z =—7.5mm

r 3§
0° 5 mm

z =—2.5 mm x
30° 5 mm

z =2.5mm | ¥
—45° 5 mm

v
Z=7.5mm _—
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Solution

@ 4.2. Stress-strain Relations for a Laminate

a) The three stiffness matrices [A], [B] and [D]
Step 1: Find the reduced stiffness matrix [Q] for each ply

_ _E
Qll 1 1
- V21 V12
E
le — 1 V12 2
— V21V12 B
_ B, 9
Q22 1
— V21 V12

181.8
2.897

2.897 0O
1035 0
0 717

(10°) Pa
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@ 4.2. Stress-strain Relations for a Laminate

Step 2: Find the transformed stiffness matrix [(ﬂ using the
reduced stiffness matrix [Q] and the angle of the ply.

Q= Quc'+Q,,s"+2(Q),+2Q,) s°¢?
Q, = (Qu+Q,,—4Qg)s” c*+Qy, (c*+5*)
Q, = Q1= Q1 —2Q.)c*s —(Qy— Q1 — 2Qg.) s°C
Q,, = Qus*+Q,c*+ 2(Q,+2Qq,) ¢’
Q,. = (Qu—Qp,—2Q) cs’ — (Q, — Q, —2Q,.) c*s
Qg = (Qu+Q,,—20Q,,—2Q,) s’ c*+Qqs (s* + ¢*)
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@ 4.2. Stress-strain Relations for a Laminate

The transformed reduced stiffness matrix for each of the three plies

dare

(1818 2.897 O
[Q1,=|2.897 10.35  0/|(10°)Pa
0 0 717

1109.4 32.46 54.19

[Q],,=|32.46 23.65 20.05|(10°) Pa

" 56.66 42.32
[Ql..=| 42.32 56.66
-42.87 -42.87

5419 20.05 36.74

-42.87
-42.87 | (10°) Pa
46.59

Technical University of Liberec
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@ 4.2. Stress-strain Relations for a Laminate

Step 3: Find the coordinate of the top and bottom surface of each

ply.
h h
Ply n: h, = 57 t, (top surface) h,= 5 (bottom surface) .
The total thickness of the laminate is
h =(0.005)(3) =0.015 m.
The mid plane is 0.0075 m from the top and bottom of the
laminate. Hence using Equation (4.20), the location of the ply

surfaces are

h, = - 0.0075 m x
hy=-0.0075m h, =-0.0025m |
h; =-0.0025m h, = oooosm | ey ‘1‘ '5‘““‘
h, =0.0025 m B ‘Smm
h; =0.0075 m h, = 0.0075 m !
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@ 4.2. Stress-strain Relations for a Laminate

Step 4: Find three stiffness matrices [A], [B], and [D]

Aij — i [(éij)]k (hk B hk-l)’ I :11216;j =126
Bij = % i[(au)]k (hi - hi.1), 1=126;j=126

Dij = % Zn: [(éij)]k (he - hi-),1=1,2,6;j=1,2,6
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@ 4.2. Stress-strain Relations for a Laminate

3
The extensional stiffness matrix [A] is  Aj = Z [Qij]k (hi - hk-2)
k=1

[A]=|2.897
0

[A]l =

181.8 2.897 0]

10.35 0 (10°) [(-0.0025) - (-0.0075)]
0 7.17]

(109.4 32.46 54.19]
+]32.46 23.65 20.05|(10°)[0.0025- (-0.0025)]
5419 20.05 36.74
© 56.66 42.32 -42.87
+| 4232 56.66 -42.87|(10°)[0.0075-0.0025]
-42.87 -42.87 46.59

11.739(10°)  3.884(10°)  5.663(107)
3.884(10°) 4.533(10°) -1.141(10°%) | Pa.m

5.663(10") —1.141(10%) 4.525(10%)
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@ 4.2. Stress-strain Relations for a Laminate

138,
The coupling stiffness matrix [B] is Bj== > [Q, ]« (hk - hic.s

] _ 2=
181.2 2.897 0

[B]=% 2.897 10.35 0 |(10°)[(-0.0025)’-(-0.0075)7)]
0 0 7.17]

"109.4 32.4654.19]
+ =1 32.4623.6520.05 | (10°)|(0.0025)? - (-0.0025)’]
54.1920.0536.74
C56.66 4232 —42.87

+=| 4232 56.66 —42.87|(10° [(0.0075)*-(0.0025)°]
| —42.87 —-42.87 4659

-3.129(10°) 9.855(10°) -1.072(10°)
[B]=| 9.855(10°) 1.158(10°) -1.072(10°)|Pam’
_—1.072(106) —1.072(106) 9.855(105)_
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@ 4.2. Stress-strain Relations for a Laminate

3

The bending stiffness matrix [D] is Dj = % Z [éij 1 (hi - hi-2)

1818 2897 0 =t
[D]:% 2897 1035 O (109)[(-0.0025)3-(-0.0075)3]

0 0 717
(1094 3246 5419
3246 2365 2005 | (10°)|(0.0025) - (-00025 )]
5419 2005 3674
(5666 4232 —4287]
+ =] 4232 5666 —4287|(10°)[(00075) - (00025 )]
_ 4287 — 4287 4659

 3.343(10')  6.461(10°) -5.240(10°)
[D]=| 6.461(10°) 9.320(10°) -5.596(10°) | Pa.m’
_—5.240(103) —5.596(103) 7.663(103)_
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@ 4.2. Stress-strain Relations for a Laminate

b) Since the applied load is N, = N, = 1000 N/m, the
mid-plane strains and curvatures can be found by
solving the following set of simultaneous linear

equations
[ 1173910°) 3884(10°) 5663(107) | |-3129(10°) 9855(10°) -1072(10°)][ &2
1000
1000 3884(10°) 4533(10°) -1141(10°)||9855(10°) 1158(10°) -1072(10°)!| &)

0 5663(10") -1141(10°) 4525(10°) | -1072(10°) -1072(10°) 9855(10°) || ,°
0 -3129(10°) 9855(10°) -1072(10°) ||3343(10°)  6461(10°) -5240(10°) || 4,
0 9-855(105)81158(106) -1072(10°) 6-461(103)D9-320(103) -5596(10° )| |
- L -1072(10°) -1072(10°) 9855(10°) | 15.240(10°) -5596(10°) 7.663(10%) | | xxy
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This gives

- 3.123(107) |
3.492(10°)

-7.598(10)
2.971(107)

-3.285(107)

| 4.101(107)

@ 4.2. Stress-strain Relations for a Laminate

m/m

1/m

Department of Applied Mechanics
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4.2. Stress-strain Relations for a Laminate

c) The strains and stresses at the top surface of the 30° ply are
found as follows. The top surface of the 30° ply is located at z = h,
=-0.0025 m. Global strains at the top surface of the 30° ply are

£ | 3.123(107) | 2.971(10°)
gy =| 3.492(10°) |+(-0.0025)| -3.285(107) | =
Yy L 0 -7.598(107) - 4.101(10™)
) [ [ 2:380(107)
50° smm - =| 4,313(10°) [m/ m
z=25mm — 1: ISmm _-1785(106 )—
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4.2. Stress-strain Relations for a Laminate

Global strains (m/m)

Ply # Position g, €, Vay
Top 8.944 (108) | 5.955(10°)| -3.836(10%)
1 (0°) Middle 1.637 (107) | 5.134(10°)| -2.811(10°)
Bottom 2.380(107) | 4.313(10°)| -1.785(10%)
Top 2.380(107) | 4.313(10°)| -1.785(10%°)
2 (309) Middle 3.123 (107) | 3.492(10°)| -7.598 (107)
Bottom 3.866 (107) | 2.670(10°) 2.655 (107)
Top 3.866 (107) | 2.670(10%) 2.655 (107)
3(-459) Middle 4.609 (107) | 1.849 (10°) 1.291 (10°)
Bottom 5.352 (107) | 1.028 (10°) 2.316 (10°)
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4.2. Stress-strain Relations for a Laminate

Global stresses in 30° ply

Ox 109.4 32.46 54.19] 2.380(107)

Gy =|32.46 23.65 20.05|(10°)| 4.313(10°)

e 54.19 20.05 36.74 1.785(10°)
6.930(10°) Note

7391(]_04) Pa O x 611 612 616 Ex
612 622 626 €y
R _616 626 666_ u
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4.2. Stress-strain Relations for a Laminate

Global stresses in Pa

Ply # Position o, o, T,y
Top 3.351(10%) | 6.188(10%) | -2.750 (10%)
1 (0°) Middle 4.464 (10%) | 5.359 (10%) | -2.015 (10%)
Bottom 5.577 (104 | 4.531(10%) | -1.280 (10%)
Top 6.930 (10%) | 7.391(10%) | 3.381 (109
2 (30°) Middle 1.063 (10%) | 7.747 (10%) | 5.903 (10%)
Bottom 1.434 (10%) | 8.102(10%) | 8.426 (10%)
Top 1.235 (10°) 1.563 (10°) -1.187 (10°)
3 (-459) Middle 4.903 (10%) | 6.894 (10%) -3.888 (10%)
Bottom -2.547 (10%) | -1.840 (10%) 4.091 (104
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4.2. Stress-strain Relations for a Laminate

Local Strains at top of 30° ply

The local strains in the 300 ply at the top surface are found using
transformation equations as

- T L 1 2.380(107) ]
er| [ 0.7500 0.2500 0.8660 .380(10)
e =] 0.2500 0.7500 -0.8660 4.313(10°)

y,/2| |-0.4330 0.4330 0.5000]| 1 7g85¢0%)/ 2

(e ex| | 4837(107)
&2 |=[R][T][R] | &, |=| 4.067(10°) {m/m
| V12 | Vxy | _2-636(10_6)_

1
Note T=| % 2 -2sC R=|0
0

o — O
N O O
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4.2. Stress-strain Relations for a Laminate

Local Strains (m/m)

Ply # Position £, £, Vi,
Top 8.944 (10®) | 5.955(10°) | -3.836(10°)
1 (0°) Middle 1.637 (1077) | 5.134(10°) |-2.811(10°)
Bottom 2.380(107) | 4.313(10°) | -1.785(10°)
Top 4.837(1077) | 4.067(10°) | 2.636(10°)
2 (30°) Middle 7.781(107) | 3.026(10°) | 2.374(10°)
Bottom 1.073(10°) | 1.985(10°) | 2.111(10°)
Top 1.396(10°) | 1.661(10°) | -2.284(10°)
3 (-45°) Middle 5.096(107) | 1.800(10°) |-1.388(10°)
Bottom -3.766(107) | 1.940(10°) | -4.928(107)
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4.2. Stress-strain Relations for a Laminate

Local Stresses at top of 30° ply
The local stress in the 30° ply at the top surface are

found using transformation equations as

[T]

61| [ 0.7500 0.2500 .8660]
s, |=| 0.2500 0.7500 -.8660
o, | [-0.4330 0.4330 0.5000
19.973(10%) Note

=|4.348010%) |[Pa | ot

o2 |—

1.890(10%) ™
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6.930(10%) |
7.391(10%

3.381(10") |

s ¢ —2sC|| gy

—SC SC  (%-4°
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4.2. Stress-strain Relations for a Laminate

Local Stresses in Pa

Ply # Position 0, o, T,
Top 3.351 (10%) 6.188 (10%) -2.750 (10%)
1 (09) Middle 4.464 (10%) 5.359(10%) -2.015 (10%)
Bottom 5.577 (10%) 4.531 (10%) -1.280 (10%)
Top 9.973 (10%) 4.348 (10%) 1.890 (10%)
2 (309 Middle 1.502 (10°) 3.356 (10%) 1.702 (10%)
Bottom 2.007 (10°) 2.364 (10%) 1.513 (10%)
Top 2.586 (10°) 2.123 (10%) -1.638 (10%)
3 (-459) Middle 9.786 (10%) 2.010 (104 -9.954 (103)
Bottom -6.285 (10%) 1.898 (10%) -3.533 (103)
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4.2. Stress-strain Relations for a Laminate

d) Portion of load taken by each ply
o, at the middle surface
' N\

Portion of load N, taken by 0° ply = (4.464 x 10%)(5 x 103) =223.2 N/m
Portion of load N, taken by 30° ply = (1.063 x 10°)(5 x 103) = 531.5 N/m
Portion of load N, taken by -45° ply = (4.903 x 10%)(5 x 103)= 245.2 N/m

The sum total of the loads shared by each ply is 1000 N/m, (223.2 +
531.5 + 245.2) which is the applied load in the x-direction, N,.

Thickness of the ply

hO
he = - 0.0075 m —x 0 _
] N, = jaxdz
0 5 mm hy
h, =-0.0025 m
X hy
30° 5 mm Nfo = J.O'Xdz
h,= 0.0025 m h,
5 ",
—45° mm 45
) Z N "=10oc.dz
,= 0.0075 m + X X
h3
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4.2. Stress-strain Relations for a Laminate

223.2
Percentage of load N. taken by 0° pl — 100
g X y U~ ply 1000 X

= 22.32 %

L

Percentage of load N, taken by 30° ply

=53.15%

245.2

Percentage of load N, taken by -45° ply = 100
g X y ply 1000 X

=24.52 %




4.3. Engineering Constants for a Laminate

Compliance Matrices of a Laminate

1. Since multidirectional laminates are characterized by stress
discontinuities from ply to ply, therefore it is preferable to work
with strains which are continuous through the thickness.

2. For this reason it is necessary to invert the load-deformation
relations and express strains and curvatures as a function of
applied loads and moments.

e ol =[5 ol

B

The [A*], [B*], and [D*] matrices are called the extensional
compliance matrix, coupling compliance matrix, and bending
compliance matrix respectively.
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4.3. Engineering Constants for a Laminate

In-Plane Engineering Constants of a Laminate
For a symmetric laminate:

[B]=0, Ar = 2 [Q)L (he - ) 1=12,6,j=1,2,6
[A*]=[A]", Bij = % Zn_: [@,-)]k (h2-h2),i=126;j=12,6

=01 | D= XI@)L (i -hi)i=126j=126

_ - L - _ Ex All AEZ AiG_ N X
_|A B N
- c* D M — £y Az An Ax|| Ny

x|

7/?(y A16 AZG AZG_ N Xy
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4.3. Engineering Constants for a Laminate

In-Plane Engineering Constants of a Laminate

Effective in-plane Effective in-plane
longitudinal modulus E, transverse modulus E,

Ny#0,N,=0,N,, =0 Nx=0,N,#0,N,,=0

e [ A AL AN, | [ A AL Asl|[ o
ey|=| Az Az Awx|| O ey|=| Az Az Axl|| Ny
| LA A ]l O 2| LA Aw AL 0
ex= AN, gy=An N,
EXEGOX: leh :i* Eyzgy: N*y/h: 1*
gx AunNx hAn 8?/ A»n N, hA
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4.3. Engineering Constants for a Laminate

In-Plane Engineering Constants of a Laminate

Effective in-plane shear Effective in-plane Poisson’s
modulus G,, rationv,,
Ny=0,N,=0,N,,#0 N, #0,N,=0,N,,=0
el [ A A AWl o | [An An As|[NS
* * * 0 — * * * O
g?, =| A, Awm A 0 Ey Az Ax  Ax
. . « ' N 7 _Aie Az A:S6__ O_
yo | LAl Az Aes JLTTM SR
- 0 * Ey:Alz NX
= Ass N .
yxy > Y 8?(_ All N X
/ h 1 .
GXyETgy:N*Xy :—* v E—g—?l:-Alszz_&
Vo P No NAsl ™7 ST AN A
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4.3. Engineering Constants for a Laminate

In-Plane Engineering Constants of a Laminate

Effective in-plane Poisson’s ration v y A
Nx:O’Ny'_'tO’ny:O i:(_ *zjhA’;l
— - _ Ex All

£ An A Awss|| 0] =- AL, h
8(3, =| Az A» Al N y Vi ( A’izj
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4.3. Engineering Constants for a Laminate

Flexural Engineering Constants of a Laminate

For a symmetric laminate: [B]=0

£l |A" B [N}

K _ _

Kx _Dil D1 Dis_ M .
D1, D» Dux|| M,

K xy _D16 D2s D66_ M Xy

Technical University of Liberec
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4.3. Engineering Constants for a Laminate

Flexural Engineering Constants of a Laminate

Effective flexural longitudinal modulus E,
MxZ0,My=0,M,=0

| DL D Dil|[Mm,
D Dz D 0

Z
I

x| |Dis D Dl ©
Kx— Dil M X
12Mm, 12

f:
# Ex h°D1
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4.3. Engineering Constants for a Laminate

Flexural Engineering Constants of a Laminate

Similarly, other flexural elastic constants can be obtained

*

f — 12

Vxy = ™=

.12 D1
El=—" ,
h” D2 f—_ Da>
Vyx— *

.12 D2
Xy 3 * f f
h™ Des Vxy V yx
fo—f
x Ey
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4.3. Engineering Constants for a Laminate

Example 2

Find the in-plane and flexural stiffness constants for a three-ply

graphite/epoxy laminate.

Use the unidirectional properties of

graphite/epoxy from Table 2.1 (Autar K. Kaw, Mechanics of
Composite Materials, 2nd edition, Taylor & Francis, 2006). Each

lamina is 5 mm thick.

z =—7.5mm

zZ =—2.5 mm

Z = 2.5 mm

r 3
(o]

0 5 mm
y 3

90° 5 mm

5

Q° 4 mm

4

zZ=7.5mm
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4.3. Engineering Constants for a Laminate

Solution

From Example 1, the transformed reduced stiffness matrix is

[Ql,=

181.8 2.897 0
2.897 10.35 0

0 0 717

(10°) Pa

Therefore, the transformed reduced stiffness matrix is

[Ql,=

The total thickness of the laminate is h = 0.005 x
3 =0.015 m. The mid-plane is 0.0075 m from the

(10.35 2897 0
2.897 1818 O
0 0 717

(10°) Pa

top and bottom surfaces of the laminate. Thus,
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ho=-0.0075 m
h,=-0.0025m
h,=0.0025m
h,=0.0075m
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4.3. Engineering Constants for a Laminate

3
The extensional stiffness matrix [A] is A= Z [Q;; Jk (hi - hi-1)
k=1

[Al=

(10°)[0.0075-0.0025]

181.8 2.897 0]
2.897 1035  0(10°%[-0.0025-(-0.0075)]
0 0 717
1035 2.897 0
+|2.897 181.8  0/(10°[0.0025 - (-0.0025)]
0 0 7.17]
181.8 2.897 0]
+(2.897 1035 0
0 0 7.17]

Technical University of Liberec
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4.3. Engineering Constants for a Laminate

The extensional stiffness matrix [A] is

11.870x10° 4.345x10’ 0
[A]=|4.345x10" 1.013x10° 0|Pa-m
I 0 0 1.076><108_

Inverting the extensional stiffness matrix [A], we get the
extensional compliance matrix [A*]

5.353x10° —-2.297x10" 0
[AT=|—2.207x10"  9.886x10™ 0| 1
Pa-m
I 0 0 9.298 x ]_0'9_
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4.3. Engineering Constants for a Laminate

The in-plane engineering constants (elastic moduli)

1 1

- = =124.5GPa
hA,  (0.015)(5.353x10™0)

Ex

1 1

E,=— = ——=67.43GPa
hAs, (0.015)(9.886 x10™°)

1 1

=~ = =7.17GPa
S A T (0.015)(9.289x10°)

* _ -11
ny:'&:_ £.297x10 =0.04292

Ail 5 353 X 10-10

* B 11
= 2= 22290 g 5303
A 9.886x10
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4.3. Engineering Constants for a Laminate

3
The bending stiffness matrix [D] is Dy = % > [6”]k (hi-hd.)
k=1

(181.8 2.897 0]
1

[D]:5 2.897 10.35 0 (10°[(-0.0025)- (-0.0075)°]
0 0 7.17

10.35 2.897 0]

+-(2.897 181.8 0|(10%[ (0.0025)° - (-0.0025)°]
0 0 7.17]

(181.8 2.897 0]

+-12.897 10.35 0 {(10% [ (0.0075)° - (0.0025)°]
0 0 7.17

Department of Applied Mechanics
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4.3. Engineering Constants for a Laminate

The bending stiffness matrix [D] is

4.935x10* 8.148x10° 0
[D]=|8.148x10> 4.696x1Q° 0|Pa-m’
I 0 0 2.017><103_

Inverting the bending stiffness matrix [D], we get the bending
compliance matrix [D*] is

[ 2.032x10° -3.526x10° 0
[ID]=|-3.526x10° 2.136x10" 0 1 -
Pa-m
i 0 0 4.959x10*
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4.3. Engineering Constants for a Laminate

The flexural engineering constants (flexural elastic moduli)
12 12

Ex=——= - =175.0GPa
h*Dn  (0.015)°(2.032x107)

Ey= 312* = - 12 =16.65GPa
h°Dy (0.015)°(2.136x10")

e 12 =7.17 GPa

G — " p—
Y h°De  (0.015)°(4.959x10™)

x _ 6
=22 3:926x107 _ ) 1735

D11 2.032x107

* _ -6
yt=.Deo 735261074 465

D> 2.136x10™
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4.4. Hygrothermal Effects in a Laminate

» Sources of hygrothermal loads include cooling down from processing
temperatures, operating temperatures different from processing
temperatures, and humid environments such as in aircraft flying at high
altitudes. The mechanical strains are

M T C
E x E x E x E x
M — T C _
Sy | —| &y| 7| €y | | €y | —
M T C
_7/xy_k _7/XY_|( _7/xy_k _7/xy_k
E x CZX ﬂx
=| &y — AT OCy — AC ,By
_yxy_k _axy_k _ﬁxy_k

where the superscript M represents the mechanical strains, T stands for the free expansion
thermal strain, and C refers to the free expansion moisture strains.
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4.4. Hygrothermal Effects in a Laminate

4.4.1. Hygrothermal Stresses and Strains

» Assuming that the mechanical strains induced by hygrothermal
loads alone.

» Using stress—strain equation for 2D lamina (Chapter 2), the
hygrothermal stresses in a lamina are then given by

O'IC Q11 Q12 Q16 &
TC '~ ~ P

Oy Qun Q, Qx| | €
TC ~ P A

Ty, Qe Qa Qe [ 7 |,

where TC stands for combined thermal and moisture effects.

ST <=Zz>x=Z

Technical University of Liberec
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4.4. Hygrothermal Effects in a Laminate

Hygrothermal stresses induce zero resultant forces and moments in
the laminate and thus in the n-ply laminate we have

h/2

J

—h/2

h/2

—h/2

O x

TC
Oy

TC

_Txy_

- e
O x

TC
Oy

> |
k=1"
no,

O x

TC
Oy

TC

_Z'xy_

TC
O x

TC
Oy
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4.4. Hygrothermal Effects in a Laminate

From three equations above, we have

and

Technical University of Liberec
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4.4. Hygrothermal Effects in a Laminate

Substituting the stress-strain equation and laminate strains into Eq.

above.

n . _611 612 616
2 J 612 622 626
k=11 616 626 666

83>+ZJ

53>+Z<

dz=0

zdz=0

Technical University of Liberec
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4.4. Hygrothermal Effects in a Laminate
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4.4. Hygrothermal Effects in a Laminate

n . [Qu Qu Qi
= X [|Q, Q Q
k=1"1Q, Qu Qu.
n o |Qu Qu Qi
=2 [|Qu Q, Qu
kK=1"1Q4 Qu Qul,

dz

n Qu Qu Qu B.
= Z J‘ 612 622 626 9 83 >+Z< Ky ; ZdZ: E(y: :AC IBy
=1"1Q, Qu Q ° 7 B,

k=1 | Qs Qu Qes | \ 7] LKy ) [/ xy | | Py _

n h _611 612 (516_ a, n h, Qll 612 Q16 ﬁx

=y j Q, Q, Q.| |AT|a, | |zdz + X f Q, Q, Q.| |AC| B, | |zdz
—1hy| = — — —1ha| = —

k=1 Qi Qu Qoo L% k=1 Qs Qo Qs -'Bxy-k
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4.4. Hygrothermal Effects in a Laminate

Equations — from zero resultant forces and moments in the laminate

A1l
A1z
Ais

B11
Bi»
Bis

A1
A2
Ao

B2
B2
B2

Ais
Ao
Ass

Bis
B s

Bes

Department of Applied Mechanics

Bi1

+| B

Bis

D11
D12

D16

Bi»
B2
B2

D1
D 2
D 26

83

Bis
B s
Bes

Dis
D 26

x| | NX| | NS
iy [=| Ny [+] NS
K] | N | | Ny
k] [MT] [ ME]
Ky =] My [+ MY
_ny_ _M ;Ey_ _M g(:y_

Dss
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4.4. Hygrothermal Effects in a Laminate

The four arrays on th_g rig_ht-har_md sides of 2 Egs above are given by

Nx N Qu Qu Qi Ox The loads in
[ NT ] — NI/ =AT X 612 622 626 Oy (hk _hk-l) these
; k=1|— — _ -
[Ny Qi Qu Qe |, Lok eqlll’latl.(f).ns. a.re
T n 0 Qv Qul [a called fictitious
A | _ _, . hygrothermal
[M']=| My |= 2 AT k§1 Qnr Qp Qp ay | (hic—hics) loads and are
My | Qe Qe Quel, Lawl, known. One
NE 2 2, 9, Q.17 5 Esn ca.Igullate
[N“1I=| Ny [=AC 2 |Q, Q,, Q|| A,| (hk—hi) e,ml plane
NS k=13 o. o.||A strains and
o e ez e Bk curvatures by
M . n |Qu Qn Qi | B, combining two
[MC1=| M} =5 AC 2 |Qs, Q, Qul | A, (hi—hi) equations
M k=119, Q, Q.| L~ b
LT XY _Q16 Q26 Q66_k— Xy |k above.
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4.4. Hygrothermal Effects in a Laminate

Final formula

N [NC | AIB &
M M © 'B|ID || x

The global strains (actual strains) in any ply of the laminate can
be calculated by

- D ( 0\ - D
Ey Ex Kx
_ 0
&, =< eyt I3 Ky
0
j/Xy) kyxy) Koxy )

However, it is the difference between the actual strains and the free
expansion strains (mechanical strains), which results in mechanical
stresses.
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4.4. Hygrothermal Effects in a Laminate

The mechanical strains in the k" ply are given by

M T
E x E x E x
M — T
gy - gy _ gy

_7/xy_k )/Xy K _7xy

O x

Oy

_Txy_k
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E x E x
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Sy | —| &y
C

yxy_k _j/xy_

612 616_
622 626

Q26 Q66_
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4.4. Hygrothermal Effects in a Laminate

4.4.2. Coefficients of Thermal and Moisture Expansion of Laminates

The concept of finding coefficients of thermal and moisture expansion of laminates
is again well suited only for symmetric laminates because, in this case, the coupling
stiffness matrix [B] = 0 and no bending occurs under hygrothermal loads.

The coefficients of thermal expansion are defined as the change in length per unit
length per unit change of temperature. Three coefficients of thermal expansion,
one in direction x (a,) and the others in direction y (a,) and in the plane xy (a,,), are

defined for a laminate.
Assuming AT=1and AC=0,

0
0[X EX
_| o
ay =l &y
0

By ] [V

AC=0
AT=1

A
A
As

A
A
A

As
A
Ase

where [N] is the resultant thermal force corresponding to AT =1 and AC = 0.
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4.4. Hygrothermal Effects in a Laminate

The coefficients of moisture expansion (CMEs) are defined as the
fractional change in strain per unit mass variation due to the
moisture desorption or absorption. The CMEs are determined by

measuring the moisture content change and the strain change
between two moisture equilibrium states.

Similarly, assuming AT = 0 and AC = 1, the coefficients of moisture
expansion can be defined as,

P, & >(<) Al A, Ag|| N ¥
p y £y = Afz A;2 A;6 N S
_'B XY _ ng o | As A A N 5

B ~AC=1 - -

where [N¢] is the resultant moisture force corresponding to AT =0 and AC = 1.
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4.4. Hygrothermal Effects in a Laminate

Example 3
Calculate the mechanical stresses at the
bottom surface of the 90° ply in a two-ply 0°
[0/90] Graphite/Epoxy laminate subjected
to a temperature change of -75°C. Use the 500
unidirectional properties of Graphite/Epoxy
lamina from Table 2.1. Each laminais 5
mm thick.
Solution [ o] 0200 x107
From Table 2.1, the coefficients of thermal _ " o
expansion for a unidirectional oz | = | 0225x107 | m/im/°C
graphite/epoxy ply are o 0
From Equation (2.181), the transformed coefficients of thermal expan_sion are
oy 01| [ ax| [0.200x107] (] [0.225x107]
oy |= [T]_1 o2 | ay| = 0.225x10*|m/ m/°C; oy =10.200x10" |m/ m/°C
_axylz_ | O_ _axy_ 0° i O_ _axy_ 90° i O_
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4.4. Hygrothermal Effects in a Laminate

From Example 2, the transformed reduced stiffness matrix is

[Ql,=

(10°) Pa

Therefore, the transformed reduced stiffness matrix is

[Ql,=

The total thickness of the laminate is h = 0.005 x
2 = 0.01 m. The mid-plane is 0.000 m from the
top and bottom surfaces of the laminate. Thus,

181.8 2.897 0
2.897 1035 0
0 0 717
(10.35 2897 0
2.897 1818 O

0 0 717

(10°) Pa
hy = - 0.005 m
h, = 0.000 m
h, = 0.005 m
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4.4. Hygrothermal Effects in a Laminate

The fictitious thermal forces are

N’ "1818 2897 0]  |0200(107)
NT | =+ (-75)| 2897 1035 0| (10% |0.225 (10™) | [0.000 - (-0.005)]
N 0 0 717] _ 0
1035 2897 0] 0.225 (10°)
+(—75) | 2897 1818 0] (10%) | 0.200 (10") | [0.005—0.000]
0 0 717 0
| —1131x10°|

—1131 x10° | Pa - m.
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4.4. Hygrothermal Effects in a Laminate

M 1818 2897 0] | 0200 x107]
M| = % (-75)|2897 1035 0| (10° | 0225x10*|[(0.000)* ~ (~0.005)°]
0 0 717

M, ! I 0

1035 2897 0]  |0225x 10
+ % (-75) | 2897 1035 0| (10°) | 0200 x10|[(0.005)* —(0.000)°]
0 0 717 0
1538 x10%

1538 x10%|Pa m
0
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4.4. Hygrothermal Effects in a Laminate

Three stiffness matrices [A], [B], and [D]

[9608x10° 2897 x10 0

[A] = | 2897 x10" 9.608x10° 0l pa-m
I 0 0 7170x10’ |
(-2143x10° 0 0

[B] = 0 2143x10° O|Pa- m?
I 0 0 0]
8007 x10° 2414 x10° 0]

[D] =|2414x10* 8007 x10° 0|Pa- m?
i 0 0 5.975><102_
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4.4. Hygrothermal Effects in a Laminate

The mid-plane strains and curvatures can be found as

T 1131x10°] | 9608x10° 2897x10’ 0 -2143x10° 0 0| &
1131x10° 2897x10" 9.608x10° 0 0 2143x10° 0| &
0| 0 0 7170x10’ 0 0 0|4
-1538x10? B -2143x10° 0 0 8007x10° 2414x10? 0 K
1538 x 1oi 0 2143x10° 0 2414x10* 8007x10° 0 Ky

I 0_\ 0 0 0 5975x10°] | ,,

€| [-3907x10™]
€y 3907 x10™
Vay 0

e || 1276x10"

1/m

- 1276 x10™

KXy_ - -
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4.4. Hygrothermal Effects in a Laminate

The actual strains at the bottom surface (h, = 0.005) of the 90° ply as

yxy

-90°

[ 3.907x107*|
~3.907 x10™

0

+(0.005)

[ _1.276x107"
1.276x10™

0

[ —1.029x1072 |
2.475x10™

0

m/ m

The mechanical strains result in the residual stresses. Thus, if one

subtracts the strains that would have been caused by free expansion
from the actual strains, one can calculate the mechanical strains. The
free expansion thermal strains in the 90° ply are as follows:

-
Ex
T
Ey

;
| Vxy
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90°

AT

| Xy | 900

(0.225%x10™ |
0.200x10”’

(=75)=

0

5}

' _0.16875x102
~0.15000x10°

0
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4.4. Hygrothermal Effects in a Laminate

The mechanical strains at the bottom of the 90° ply are thus:

oM —1.029x10°| |-0.16875x10?%| |0.6585x10"
gI;A =| 2.475x10"|—-| —0.1500x10> |=|0.2490x10"
M
e L2 YL e 01 0
[8]900 |:g :|900

The mechanical stresses at the bottom surface of the 90° ply as
o] [10.35 2.897 0] 0.6585x10°] |[7.535%10° ]
oy| =[2.897 181.8 0|(10°)]0.2490x10° |=| 4.718x10" | Pa.
Tyl L 0 0 7.17 I 0_ ] 0_

QJ,,
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4.4. Hygrothermal Effects in a Laminate

Ply no. Position €, g, Yey
1 (0°) Top 2475 x 104  -1.029 x 10* 0.0
Global Strains Middle 7160 x 105 —7.098 x 10 0.0
for Example 3 Bottom -3.907 x 10* -3.907 x 10* 0.0
2(90°)  Top 3907 x 104 -3907 x10* 0.0
Middle  —7.098 x 104 -7.160 x 105 0.0
Bottom = -1.029 x 103  2475x10¢ 0.0
Ply no. Position o, O, Ty
1 (0°) Top 4718 x 107 7535 x 10° 0.0
| | Str
ioorb;(asr; efszs Middle  -9.912 x 105  9.912 x 106 0.0
P Bottom  —6.701 x 107 1229 x 107 0.0
2 (90°)  Top 1.229 x 107 —6.701 x 107 0.0
Middle 9912 x 106 —9912x10¢ 0.0
Bottom 7535 x 106 4718 x 107 0.0
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4.5. Failure Criteria for a Laminate

Department of Applied Mechanics

Laminate failure may not be catastrophic.

Some layer(s) fail first and the composite continues to take
more loads until all the plies fail.

Failed plies may still contribute to the stiffness and
strength of the laminate.

The degradation of the stiffness and strength properties of
each failed lamina depends on the philosophy of the user:

** When a ply fails, it may have cracks parallel to the fibers. This
ply is still capable of taking load parallel to the fibers. Here, the
cracked ply can be replaced by a hypothetical ply that has no
transverse stiffness and strength as well as the shear strength.
The longitudinal modulus and strength remain unchanged.

** When a ply fails, fully discount the ply and replace the ply of
near-zero stiffness and strength.
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4.5. Failure Criteria for a Laminate

» Procedure for finding the successive loads between first ply failure
and last ply failure given next follows the fully discounted method:

1. Use CLT to find the mid-plane strains and curvatures given the
applied load (mechanical, thermal, moisture).

2. Find the local stresses and strains in each ply.

3. Apply the failure theories to each ply to determine the strength
ratio(SR) for each ply. Multiplying the SR to the applied load
gives the load level of the first ply failure.

4. Degrade fully the stiffness of damaged ply or plies. Apply the
actual load level of the previous failure.

5. Repeat to find the (SR) for the undamaged plies.

e |f the SR>1, multiply to the applied load to obtain the load level of
the next ply failure and repeat.

* |f the SR<1, degrade the stiffness and strength properties of all the
damaged plies and apply the actual load level of the previous failure.

6. Repeat until all of the plies have failed. The load at which all of
the plies have failed is called the last ply failure load.
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4.5. Failure Criteria for a Laminate

Strength Ratio

» In a failure theory, it can be determined whether a lamina
has failed if the stress state lies within the failure envelope.

» However, it does not give information about how much the
load can be increased if the lamina is safe, or how much
the load should be decreased if the lamina has failed.

» The strength ratio is defined as
Maximum Load Which Can Be Applied

Load Applied

» |If SR>1, then the lamina is safe and the applied stress can

be increased by a factor of SR.
» |If SR<1, the lamina is unsafe and the applied stress needs

to be reduced by a factor of SR.

SR =

Technical University of Liberec
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4.5. Failure Criteria for a Laminate

Example 4

Find the ply-by-ply failure loads for a [0/96]S graphite/epoxy laminate.
Assume the thickness of each ply is 5 mm and use properties of
unidirectional graphite/epoxy lamina from Table 2.1. The only load
applied is a tensile normal load in the x-direction — that is, the direction
parallel to the fibers in the 0° ply.

Solution

Because the laminate is symmetric and the load applied is a normal load,
only the extensional stiffness matrix [A] is required. Besides, the
extensional compliance matrix [A*] is

[ 5353x107°  —2.297x 107" 0 1
[A]=|-2297x107" 9.886x107" 0 5
0 0 9.208x10° | "
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4.5. Failure Criteria for a Laminate

The midplane strains for symmetric laminates subjected to N, =1 N/m

as

A11
A1
Aie

A1
A2
A

JANTS
A

Ass

&
&

/4

O< o X o

>

y

< o X o
[
1
>,
L 1

E
E

o

/4

x

y

- 5.353x107° |

0|=|-2.297x107"

0

The global strains in the top 0° ply at the top surface can be found

as follows
g

y

- -10° top

- 5.353x107° |
= —2.297x107"

+(0.0075)| 0

- 5.353x107%° |
_2.297x1074
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4.5. Failure Criteria for a Laminate

The global stresses at the top surface of the top 0° ply as

- 181.8 2.897 0] [ 5.353x10°° | [97.26
- =12.897 10.35 0| (10% |-2.297x107" |=| 1.313 |Pa
Ty | 0 0 7.17 0 0
= 10, top = - | ] n _

Using the transformation, the local stresses at the top surface of the
top 0° ply are

o1 1 0 0]|97.26] [97.26
52| =[0 1 0]/ 1.313|=|1313|Pa
_le_oo,top _O O 1_ B O_ B O_
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@

All the local stresses and strains in the laminate are summarized in

4.5. Failure Criteria for a Laminate

Tables.
Local Stresses (Pa) Local Strain
Ply no.  Position o, O, 7,, Plyno. Position £ £, Tyy
1(0°) Top 9.726 x 10" 1.313x10° 0.0 1 (09 Top 5.353 x 10-10 2297 x 10-1* 0.0
Middle 9.726 x 10" 1.313x 10° 0.0 Middle 5.353 x 10-10 2297 x 10-1* 0.0
Bottom 9.726 x 10!  1.313x 10° 0.0 Bottom 5.353 x 10-10 2297 x 10-1* 0.0
2(90°)  Top 2626 x10° 5472x10° 0.0 2(90°)  Top —2297 x 10" 5353 %1019 0.0
Middle  —2.626 x10° 5472 x10° 0.0 Middle  —2297 x 10" 5353 %10 0.0
Bottom = -2.626 x 10° 5472 x10° 0.0 Bottom  -2297 x 10"  5353x 10 0.0
3 (0°) Top 9.726 x 100 1.313x10° 0.0 3 (0°) Top 5.353 x 1010 2297 x 10" 0.0
Middle 9.726 x 100 1.313x10° 0.0 Middle 5.353 x 1010 2207 x 10" 0.0
Bottom 9.726 x 100 1.313x 10° 0.0 Bottom 5.353 x 1010 2297 x 10" 0.0

The Tsai—Wu failure theory applied to the top surface of the top 0°
ply is applied as follows. The local stresses are

o, =97260Pa, o0,=1313Pa, 7,=0

Technical University of Liberec
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4.5. Failure Criteria for a Laminate

Using the parameters H;, H,, H,, H,;, H,,, Hee, and H, in Chapter 2
(page 94), the Tsai—Wu failure theory gives the strength ratio (SR) as

2 2 2
Ho, +H,0,+Hr, +H, 0] +H,,0, +H 7, +2H,0,0, <1

= 1 — 1 =0 Pﬂ_l Hl] = 3 1 oy 4.4444 % 10_19 PH_E,
1500 10° 1500 % 10° ’ (1500 10%)(1500x 10°)

1 1 . 1
- _ —2.093x10° Pa, Hy =
10%10° 246x10° b2 T 0% 10°)(246 % 10°9)
1

_ 1 H. = =2.1626x107 Pa? .
Hﬁ 0 Pa ‘ 66 (68)(106)2

Using the Mises—Hencky criterion for evaluatjon of H,,:
H,, =-0.5[ (4.4444x10™)(1.0162x10™) |* = -3.360x10™*Pa™.

1

=1.0162 x 107 Pg2,

2

(0) (9.726 x 10%) SR + (2.093 x 10-) (1.313) SR+ (0 X 0) +
(4.4444 x 10719) (9.726 x 10)2(SR) + (1.0162 x 10-%6) (1.313)2(SR)?
+(2.1626 x 10716) (0)2 + 2(=3.360 x 10718) (9.726 x 10%) (1.313)(SR)%=1
SR = 1.339 x 10.
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4.5. Failure Criteria for a Laminate

The maximum strain failure theory can also be applied to the top
surface of the top 0° ply as follows. The local strains are

g | | 5.353x107%°
g, |=|-2.297x107"

V12 0

Then, according to maximum strain failure theory (Equation 2.143),
the strength ratio is given by

3\

(:(1500 x10°)/(181x10° )] /(5.353x10™),

SR =min- . =1.548x10"

:(246x106)/(1o.3x109)]/(2.979><10—“)

J
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4.5. Failure Criteria for a Laminate

The strength ratios for all the plies in the laminate are summarized
in Table using the maximum strain and Tsai—Wu failure theories.

Ply no. Position Maximum strain Tsai—-Wu
1 (0°) Top 1.548 x 107 (1T) 1.339 x 107
Middle 1.548 x 107 (1T) 1.339 x 107
Bottom 1.548 x 107 (1T) 1.339 x 107
2 (90°) Top 7.254 x 100 (27T) 7.277 x 10°
Middle 7.254 x 10°(2T) 7.277 x 10°
Bottom 7.254 x 100 (2T) 7.277 x 10°
3 (0°) Top 1.548 x 107 (1T) 1.339 x 107
Middle 1.548 x 107 (1T) 1.339 x 107
Bottom 1.548 x 107 (1T) 1.339 x 107
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4.5. Failure Criteria for a Laminate

From above Table and using the Tsai—Wu theory, the minimum
strength ratio is found for the 90° ply. This strength ratio gives the
maximum value of the allowable normal load as

N, =7.277x10° N
m
and the maximum value of the allowable normal stress as
6
N, _ 7217107 _ ) 4851x10°Pa
h 0.015

The normal strain in the x-direction at this load is

- (5.353><10—1°)(7.277 ><106) ~3.895x107°

0
(2)
first ply failure
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4.5. Failure Criteria for a Laminate

Now, degrading the 90° ply completely involves assuming zero
stiffness and strengths of the 90° lamina. Complete degradation of a
ply does not allow further failure of that ply. For the undamaged
plies, the laminate has two reduced stiffness matrices as

[Q] =

181.8 2.897
2.897 10.35
0 0

and, for the damaged ply,

0 0 0
[Q]=]0 0 ©
000

0
0| GPa
7.17

GPa
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4.5. Failure Criteria for a Laminate

3
The extensional stiffness matrix [A] is A= Z [Q;; Jk (hi - hi-1)
k=1

(181.8 2.897 0]
[A]=|2897 1035 0| (10")Pam
0 0 7.17

Inverting the extensional stiffness matrix [A], we get the
extensional compliance matrix [A*]

| 5525x107° -1.547x107% 0] ,
[A*]: 1.547x107°  9.709x10°° 0| -
o | Pam
0 0 1.395x10
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4.5. Failure Criteria for a Laminate

which gives mid-plane strains subjected to N, =1 N/m as

2| | 5.525x107° -1.547x107" 0117 [5525x10%°
g, |=|-1.547x10™  9.709x107 0| |0|=|-1.547x10™
Vs 0 0 1.395x10° | |0 0

The local stresses and local strains in each layer are found using earlier
techniques given in this example in the following tables.

Local stresses after first ply failure  Local strains after first ply failure

Ply no. Position (o)) G, T, Plyno. Position €, €, Y12
1(0°) Top 1.0000 x 102 0.0 0.0 1(0° Top 525 x 1010 1,547 x 10 0.0
Middle 1.0000 x 102 0.0 00 Middle 5525 x 1010 -1.547 x 10° 0.0

Bottom 1.0000 x 102 0.0 00 Bottom 5525 x 1010 -1.547 x 10° 0.0

2 (90°) Top — — — 2(90°)  Top — — —
Middle — — — Middle — — —

Bottom — — — Bottom — — —

3 (0% Top 1.0000 x 102 00 0.0 3(0°)  Top 5525 x 1070 -1.547 x 100 0.0
Middle 1.0000 x 102 0.0 00 Middle  5525x 1010 -1547x10% 0.0

Bottom 1.0000 x 107 0.0 0.0 Bottom  5.525x 1010  -1.547 x 10 0.0
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4.5. Failure Criteria for a Laminate

The strength ratios in each layer are also found using methods
given in this example and are shown in Table.

The strength ratios after first ply failure

Ply no. Position Max strain Tsai—-Wu

1 (0°) Top 1.5000 x 107 (1T)  1.5000 x 107
Middle 1.5000 x 107(1T) 1.5000 x 107
Bottom 1.5000 x 107(1T) 1.5000 x 107

2 (90°) Top — —
Middle — —
Bottom — —

3 (0°) Top 1.5000 x 107(1T) 1.5000 x 107

Middle 1.5000 x 107(1T) 1.5000 x 107
Bottom 1.5000 x 107(1T) 1.5000 x 107
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4.5. Failure Criteria for a Laminate

From above Table and using the Tsai—Wu theory, the minimum
strength ratio is found for the 0° ply. This strength ratio gives the
maximum value of the allowable normal load as

NX =1.5x10’ E
m
and the maximum value of the allowable normal stress as
7
N, 149 4 510°Pa
h 0.015

The normal strain in the x-direction at this load is

(go ).ast o (5.525x10—1°)(1.5><107 ) ~8.288x10°°

X
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4.5. Failure Criteria for a Laminate

Plotting the stress vs. strain curve for the laminate until last ply
failure shows that the curve will consist of two linear curves, each
ending at each ply failure.

1500 [
- Last ply

= i failure

S 1200 f
= [ First ply
- - :

;M 900 _ failure

A L

3} [

= 600 F

v b
= C

£ i

o 300 F

Z -

0 (: [ ] [ [ ] [ [ ] [ [ ] [ [ ] | [ [ [ [ 1 [ [ [ [
0 0.005 0.01

Normal strain, €,

Department of Applied Mechanics 114 Technical University of Liberec




4.5. Failure Criteria for a Laminate

The slope of the two lines will be the Young’s modulus in x direction
for the undamaged laminate and for the first ply failure (FPF)
laminate — that is, using Equation (4.35),

R L _12456GPa
& AN, hA, (0.015)(5.353x107"°)
until first ply failure, and
E, = Ox _ (NX / h)last oly failure _(Nx / h)ﬁrst oly failure
5)? (gg )laSt ply failure —(g)? )first ply failure
_ 0.1x10”-0.4851x10° 117 9 GPa

- 8.288x10°%-3.895%x107°

after first ply failure and until last ply failure (see Figure).
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@ Homework of chapter 4

4.1
Write the ply orientation code for the Draw the laminate corresponding to
laminates shown below the ply orientation codes listed below
S0 0
0 45
-45 0
45 45 [(0,/90),/45]s
90 90
0 45
-45 0
45 45
0 [0, /+45/F45],
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@ Homework of chapter 4

4.2 For each laminate shown, determine whether it exhibits the special qualities
printed below

0 0 0
90 0 45
45 90 S0
90 90 -45
0 0 -45
90
90 45
90 0
Symmetric Symmetric Symmedtric
Balanced Balanced Balanced
Quasi-isotropic Quasi-isotropic Quasi-isotropic
Crossply Crossply Crossply
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Homework of chapter 4

4.3 The 2-ply laminate is shown in the figure. Assume both the laminae
have identical stiffness matrix Q as follows:

v , _ 13 25 0]
3 mm it AT YrET
3 mm 90° - f N 2ores £ [Q] =125 1 0| GPa
) 0 0 35
¥ L |

z

1. Find A, B, and D matrices.
2. Calculate global stress variation in each lamina in the laminate, if

the load applied is N, = 100 kN/m.

4.4 Find the in-plane and flexural engineering elastic moduli of a
[45/-45], graphite/epoxy laminate. Each lamina is 5 mm thick.
Verify the reciprocal relationships for the Poisson’s ratios. Use
the properties of a unidirectional graphite/epoxy lamina from
Table 2.1 (A.K. Kaw. Mechanics of Composite Materials. 2nd

edition, Taylor & Francis, 2006).

Technical University of Liberec
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@ Homework of chapter 4

4.5 Using Tsai—-Wu theory, find ply-by-ply failure load of a [45/-45]s graphite/epoxy
laminate under a pure bending moment, M,. Use properties of unidirectional
graphite/epoxy lamina from Table 2.1 (A.K. Kaw. Mechanics of Composite
Materials, Taylor & Francis, 2006) and assume each layer is 0.125 mm thick.

4.6 Given a [0/60/-60] glass/epoxy laminate. The engineering elastic constants of
a unidirectional lamina of glass/epoxy are E; = 5.6 Msi, E, = 1.2 Msi, v;, = 0.26,
G, = 0.6 Msi. Assume the lamina thickness to be 0.005 in. Find
1. The three stiffness matrices [A], [B], and [D].
2. The forces and moments required in the laminate to result in bending
curvature of k, =0.1in. " and x, = 0.1 in.7,

4.7 A[0/60/-60] graphite/epoxy laminate subjected to a bending moment of M,
=50 Nm/m. The engineering elastic constants of a unidirectional lamina of
graphite/epoxy are E; = 181 GPa, E, = 10.3 GPa, v,, =0.28, G,, = 7.17 GPa.
Assume the lamina thickness to be 0.5 mm. Find
1. The local stresses at the top surface of the 60° ply above the mid-plane.

2. The in-plane and flexural stiffness constants of the laminate.
3. What is the percentage of the bending moment load taken by each ply?
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